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We study the transverse electron focusing in a two dimensional electron gas with Rashba spin-orbit coupling.
We show that the interplay between the external magnetic field and the spin-orbit coupling gives two branches
of states with different cyclotron radius within the same energy window. This effect generates a splitting of the
first focusing peak in two contributions. Each one of these contributions is spin polarized. The surface reflection
mixes the two branches and the second focusing peak does not present the same effect. While for GaAs/AlGaAs
heterostructures the effect is small, in systems like InSb/InAlSb the effect should be clearly observed.
PACS numbers: 72.25.Dc, 75.47.Jn
Transverse electron focusing in a two dimensional electron
gas (2DEG) was reported almost fifteen years ago.1 Since
then, several experiments have probed electron focusing in
different semiconducting heterostructures and geometries. An
important feature of these experiments is that electron trans-
port is in the ballistic regime despite typical distances between
emitter and collector are of the order of   . This is due to
the long mean free path ( 	  ) of the 2DEG. Very re-
cently, this technique was used to collect electrons coming
from a point contact2 or quantum dot3,4 into another point con-
tact acting as a voltage probe. Additionally, a large in-plane
magnetic field was applied in order to have a spin-dependent
transmission through both the emitter and the collector. This
opened the possibility to inject and detect spin polarized elec-
trons in a 2DEG without using ferromagnetic materials. Pro-
ducing and detecting spin polarized currents, or pure spin
currents,5 is the ultimate goal of spintronics.6 In this context,
the spin-orbit interaction in 2DEGs has generated great inter-
est since this intrinsic effect could also be used to manipulate
and control the electron’s spin.7 For this reason, during the
last years a substantial amount of work has been devoted to
study its effect on the transport properties of nanostructures
and 2DEGs.8–16
In this work we present results for transverse electron fo-
cusing in systems with spin-orbit coupling. Since the focus-
ing effect is dominated by edge states,17 our results concern
the structure and nature of edge states in a 2DEG with spin
orbit coupling.18 Our starting point is a 2DEG with Rashba
spin-orbit coupling19 and an external magnetic field 
 per-
pendicular to the plane containing the electron gas

 

fiff

flffi ff"! #
$
%
fl'&
)(

*&
fl
ffi
(
 
+
),
&



.- (1)
where
0/
21
/
(
%3*45
ffi76
/
with
1
/
and 6
/
being the 8 -
component of the momentum and vector potential respec-
tively,
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the Rashba coupling parameter,
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the effective g-
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the Pauli matrices. For a numerical evalua-
tion of the Green functions of a system with arbitrary shape it
is convenient to discretize the space and reduce the model to
the following tight-binding Hamiltonian ;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=> with

<
@? ACB DFE
D
5G
A*D
5
A*D
(
?
H
ACB IFJKB DL
A'I
5G
A*D
5
IMD
ff
$N
5
N
- (2)
where
5
G
A*D
creates an electron at site O with spin & and energy
E
D


L
(
&
+
),

  4

,
LK
#
$

4
*
QP

<
and
P
<
is the effective
lattice parameter—in what follows we use
P
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which is
small compared with a typical Fermi wavelength. The sum-
mation is carried out on a square lattice and O  O TSU ff O flVSW
where SU and SW are unit vectors in the X and Y directions re-
spectively. The hopping matrix element
L
A'I
connects nearest
neighbors and includes the effect of the diamagnetic coupling
through the Peierls substitution.20 We use the Landau gauge
for which
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j is the magnetic flux per plaquete and g <
$
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is the flux quantum. The second term of the Hamiltonian de-
scribes the Rashba coupling
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. The band structure and the Fermi surfaces
in the absence of the transverse field are shown in Figure 1.
The spin-orbit coupling removes the spin degeneracy leading
to two bands, EriE
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. Note that if
the Fermi energy (  F) is greater than zero—we assume that in
what follows—the two bands contribute to the Fermi surface
and have the same Fermi velocity.
Let us now consider a system with the geometry shown in
Figure 1c. It consists of a semi-infinite 2DEG with two la-
teral contacts, numbered   and  , at a distance  from each
other. Each contact is a narrow stripe with a width of  <
sites and, for simplicity, no spin orbit coupling. They repre-
sent point contacts gated to have a single active channel with a
conductance 
3

4
$
. Then, they can be approximated by a lin-
ear chain as shown in the inset of Figure 1c. The hopping ma-
trix elements coupling the chain with the semi-infinite 2DEG
are modulated by the wave function of the point contact trans-
verse mode. Typical experimental setups include also one or
two ohmic contacts at the bulk of the 2DEG. They are used
to inject currents and measure voltages. The focusing exper-
iment consists of injecting a current  through contact   and
measuring the voltage 

generated in contact  . According to
the Landauer-Bu¨ttiker formalism for linear response,21 

4

can be written in terms of the conductances e between
contacts  and  . Details of different configurations with
2FIG. 1: a) Band structure for an infinite 2DEG with Rashba spin-orbit
coupling; b)corresponding Fermi surfaces for   F  . Note that the
eigenstates have the spin in the plane of the 2DEG and perpendicular
to the momentum; c) Geometry used to study the transverse focusing.
The inset shows a detail of the model used to describe the contacts.
three and four contacts have been analyzed in Ref. [1]. The
main features of the magnetic field dependence of the focus-
ing peaks are contained in the conductance 

between the
two lateral contacts.17 Therefore, in what follows we present
results for the conductance 

in the weak field limit, the
relevant regime for focusing experiments, were Landau quan-
tization is not important. The conductance is given by22,23
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where 
>
and   are the retarded and advanced Green func-
tion matrices respectively and 
Z

_ is the “coupling matrix” to
contact  . The matrix elements  of the Green functions are
the propagators from site  to site  and 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with ff
>

and ff 

the self-energies of the retarded and ad-
vanced propagators due to the contact  . All these quanti-
ties are evaluated at  F. We first calculate the propagators of
the system without the contacts by Fourier transforming in the
X -direction and generating a continuous fraction for each
Ł

.
Having these propagators, the self energies due to the contacts
can be easily included using the Dyson equation.20
Figure 2a shows the conductance 

as function of the
magnetic field 
  for systems with an intermediate contact
width (  <   ffi ) and no spin-orbit coupling (
!

 ). The pa-
rameters correspond approximately to GaAs/AlGaAs with an
electron density O
 "! $#    %
45


and a contact-contact
distance    
N
R
 (as used in Ref. [2]). All focusing
peaks are well defined and a diffraction-like structure around
each peak is obtained. As the contacts width increases the
peaks get broader and these structures disappear. We discuss
this point in more detail below. In the same figure we also
present results for a system having intermediate (figure 2b)
and large (figure 2c) spin-orbit coupling. As the spin-orbit pa-
rameter
!
increases, the first focusing peak splits in two well
defined contributions. Each contribution is spin-polarized in
the X -direction. To a good accuracy, the splitting is given by
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(cf. Eq. (8) below). Quite remark-
ably, the second focusing peak does not split. To analyze the
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FIG. 2: Conductance ')(+* as a function of the magnetic field ,.- .
The parameters are   F /1032465 , 7 /98;: <>=?2 , @BA /C8ED and: a)
F
/

, b) F
/HGI2465KJL2
, and c) F
/H<I2465flJL2
. In (d) the
partial contributions '
(NMO *M;P
for the parameters in (c) are shown:
'Q(+RIO *TS dashed line, 'Q(SUO *R dotted line and 'Q(+RO *R solid line—
in this scale 'Q(S>O *TS can not be distinguished from 'Q(+RIO *R . The
spin quantization axis is V . The peak’s splitting is given by WQ, -
/
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spin dependence we separate the total conductance  

in dif-
ferent contributions
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where d
D*B

D
P
represents the conductance from contact   to
contact

with the injected and collected electrons having spin
& and &Ie respectively. In what follows the spin quantization
axis is taken in the X -direction. Thus,  
] B

v
refers to the
conductance of electrons injected with spin &   ff   and col-
lected with spin & 

(
 
. The partial conductances are plotted
in figure 2d. Around the first focusing peak only E
]fiB

v
and
"
v
B

]
are large and each one of these contributions leads to
a single peak. This is consistent with a semiclassical picture of
the spin-orbit interaction: as the momentum is reversed by the
action of the external field, the spin rotates from &  to ( &  .
In the second focusing peak 
]fiB

]
and "
v
B

v
dominate;
the spin is reversed twice and the electron arrives at contact 
with the same spin projection &  it had at the injection point.
These results suggest that the splitting of the first focusing
peak is due to the existence of two semiclassical cyclotron
radii originated in the two spin-orbit bands. At first sight this
is surprising since in the absence of the magnetic field the two
3FIG. 3: (color online) Density plot of ' (  for , -
/ 8
;
2dc
,
F
/

,
  F / 0I2465 (  aD< ) and: a) @ A / < , b) @ A / 8ED , and c) @ A / G;< .
Notice how the propagator peaks around the classical orbit as the
width of the contact increases. According to Eq. (8), the classical
cyclotron radius is 
a 8EG

A in good agreement with the numerical
data.
bands have the same velocity. However, the eigenstates of the
2DEG with a magnetic field and spin-orbit coupling show that
for a given energy there are two semiclassical radii. In the in-
finite system, the spectrum consists of two branches that, for
large Landau index 	 , have energies given by19,24
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gauge, the corresponding large 	 eigenfunctions are given by





X
-
Y
ffi
!
 



3lw


g

v


Y
(
Y

ffi

d
g


Y
(
Y

ffi
N (7)
Here
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 is the length of the system along the X -direction and
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ffi is the usual harmonic oscillator wavefunction with
quantum number 	 centered at Y





Ł

. The expectation
value of

Y
(
Y

ffi

is related to the square of the radius of the
classical orbit, ff
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According to Eq. (6), within a small energy window around
 F, the eigenstates of the two branches have different index
	 and thus different classical orbit radii. The difference
&
ff

between the two radii is given by
&
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. It is worth
emphasizing that the peak’s splitting, both in space ( & ff  ) and
FIG. 4: (color online) Density plot of total conductance ' (  (a) and
the four spin contributions, ')(+RO  R (b), ')(SUO   S (c), 'Q(+RIO   S (d),
and 'Q(S>O  ;R (e), for ,.-
/ 8

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,
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/ 8

2465flJL2
and @ A
/ 8ED
.
The presence of two cyclotron radii is apparent. Note that
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A in this case.
magnetic field ( & 
  ), is independent of energy. That is, it
only depends on the heterostructure properties.
To illustrate the effect of two different cyclotron radii, it is
convenient to remove contact  and calculate the conductance
"
A
from contact   to an arbitrary site O of the semi-infinite
2DEG. This conductance gives the transmittance for an elec-
tron injected at contact   and collected at an arbitrary point O .
In figure 3 we present a density plot of  
A
for a system with
!

 and different contact widths. For narrow contacts (fig-
ures 3a and 3b), the caustic curves discussed by van Houten et
al. [1] are clearly observed. They are responsible for the in-
terference pattern observed around each peak in figure 2. As
the contact width increases, the momentum 1  of the incom-
ing electron is better defined and 3
A
peaks around a single
classical trajectory. Notice that the cyclotron radius observed
in figure 3 is in good agreement with the value ff

!
 l$
P
<
obtained from Eq. (8).
The results for a system with spin-orbit coupling (
!

 


3
jO
 ) and an intermediate contact width (  <   ffi )
are shown in figure 4. The total conductance  
A
(top
panel) clearly shows a structure corresponding to two differ-
4FIG. 5: (color online) Density plot of ')(+RO  
/
'Q(+RO  R d'Q(+RIO   S
(top panel) and ' (SUO  
/
' (S>O  ;R   ' (SUO   S (low panel) for the same
parameters as in Figure 4. The solid line in the top panel shows a
semiclassical orbit with two alternating radii. The arrows represent
the dominant spin projection.
ent cyclotron radii. Figures 4b to 4e present the conductance


DB A*D
P
for injected and collected electrons having different
spin polarizations along the X -axis. The four components
are large in a region of space close to the classical trajec-
tory. Near the contact, d
] B A*]
and d
v
B A
v
are large while
the spin-flip components d
] B A
v
and "
v
B A']
are small. As
the coordinate of site O departs from the contact, the former
decrease while the spin-flip components increase. This clearly
shows how the spin rotates along the semi-classical trajecto-
ries as the momentum rotates. At the first focusing point on
the surface the conductance is dominated by the spin-flip con-
tributions. Each contribution  
] B A
v
and  
v
B A*]
presents
its own cyclotron radius. The difference between the two
radii is in good agreement with the argument presented above,
&
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. At the second focusing point on the
surface, the conductance is dominated once again by the diag-
onal contributions  
]fiB A*]
and  
v
B A
v
. The reason for this
is that the reflection at the surface preserves the spin direction
and therefore mixes the two bulk branches.18 Thus, a state
with a large orbital radius is reflected onto a state with a small
radius and vice versa. In fact, as we show in figure 5, for large
Rashba coupling the odd focusing points at the surface are
split while the even ones are not. It is possible then to select
one of the two semiclassical orbits by selecting the spin polar-
ization of the injected electron. This is illustrated in figure 5.
Conversely, an unpolarized incident beam will be split at the
first focusing point in two spin-polarized beams.
In summary, we have analyzed the transverse focusing of
electrons in 2DEG with Rashba spin-orbit coupling. We
showed that in the weak magnetic field regime and for a
given energy, the two branches of states have different cy-
clotron radii. This effect generates a splitting of the first fo-
cusing peak. Notably, because the sample edge mixes the two
branches, the second focusing peak does not split. Higher or-
der peaks become broader and a splitting of the odd peaks
is observed only for large Rashba coupling. For parameters
corresponding to GaAs/AlGaAs with a spin orbit parameter
!
! 
N
R
(
 )
3
 O

, the splitting of the first peak is small
and probably hard to be observed. However, in systems like
InSb/InAlSb, where
!
!
 


3
jO

, the effect of the spin-
orbit coupling in transverse focusing experiments should be
clearly observed.
Note added in proof. After submission of this manuscript,
the splitting of the first focusing peak in a two dimensional
hole gas in GaAs was reported in Ref. [25].
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